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I. INTRODUCTION 

Some sixty years ago, Snyder [1] proposed a quantized space-time model by means of the projec- 
tive geometry approach to the de Sitter (ciS')-space of momentum with two universal constants: c and 
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a, a scale near or at the Planck length £p. The 4-energy-momentum were defined by the inhomoge- 
neous projective coordinates. Then, Snyder identified the space-time coordinates' noncommutative 
operators x M with 4-'translation' generators of a rfS'-algebra so(l,4) and other operators as angular 
momentum for an so(l, 3) C so(l, 4). 

Soon after, Yang [2] extended Snyder's model to the one with the third constant, the radius R 
of a dS universe in order to recover the translation under R — > oo. Yang found an 5o(l,5) algebra 
with c, a and R in a 6-d space with Minkowski (Mink) signature. In Yang's algebra, there are two 
so(l,4) subalgebras for coordinate operators x M and momentum operators j3 M , respectively, with a 
common 50 (1, 3) for angular momentum operators . And the algebra is invariant under a Z-i dual 
transformation between a,x M and h/R^ft^. This is a UV-IR parameters' transformation. 

Recently, the 'doubly special relativity' or the 'deformed special relativity' (DSR) has been pro- 
posed [3]. There is also a universal constant k near the Planck energy, related to h/a in Snyder's 
model in addition to c. In the sense with one more universal constant a near or at the Planck length 
£p in addition to c, Snyder's model might be regarded as the earliest DSR and some of DSR models 
can be given as the generalization of Snyder's model [4]. Soon, the 'triply special relativity' (TSR) [5] 
has also been proposed under a deformed symmetry with one more universal constant, the universe 
radius R ~ A -1 / 2 . Later, it is found that the Lie algebra form of the deformed symmetry is just 
Yang's algebra in the 6-d space [6]. Thus, Yang's model might be regarded as a TSR (see also [7, 8]). 

The projective geometry approach to dS-spa.ce is basically equivalent to the Beltrami model of 
dS-spa.ce (BdS). It is important to emphasize that the Beltrami coordinates or inhomogeneous 
projective ones, without the antipodal identification for preserving orientation, play an important 
role in analogy with the Mm/c-coordinates in a Mink-space. Namely, in the Beltrami atlas, particles 
and light signals move along the time-like or null geodesies being straight world-lines with constant 
coordinate velocities, respectively. Among these systems, the properties are invariant under the 
fractionally linear transformations with a common denominator of dS-gioup. If these motions and 
systems could be regarded as of inertia without gravity, there should be the principle of inertia in 
dS / AdS-spacetime, respectively. 

In fact, just as weakening the fifth axiom leads to non-Euclidean geometry, giving up Einstein's 
Euclidean assumption on the rest rigid ruler and clock in special relativity leads to two other kinds 
of special relativity on the dS / AdS-spacetime with radius R. They are based on the principle of 
inertia and the postulate of universal constants (c, R) on an almost equal footing with the special 
relativity on Mm/c-spacetime of R — > oo [9-17]. 

On the other hand, it is interesting to see [18, 19] that in terms of the Beltrami model of dS- 
space [9, 11], there is an important one-to-one correspondence between Snyder's quantized space-time 
model [1] as a DSR [3, 4] and the dS special relativity [9-12]. Actually, the dS special relativity 
can be regarded and simply formulated as a spacetime-counterpart of Snyder's model for dS-space 
of momentum so long as the constant h/a in Snyder's model as (iS'-radius of momentum near the 
Planck scale is replaced by R as radius of ciS'-spacetime. Inspired by the correspondence, the Snyder's 
model-cLS 1 special relativity duality as a UV-IR duality is proposed [18, 19]. 

Since Snyder's quantized 4-d space-time model is on a 4-d dS-space of momentum, if Yang's 
model is really generalized Snyder's with the third universal constant R, it should also be back to 
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4 dimensions. But, how to realize Yang's model in 4 dimensions completely? In his very short 
paper, Yang did not answer the question. Recall that there are three 4-d maximally symmetric 
spacetimes with maximum symmetries of ten generators, which are just the Mink / dS / AdS-spa.ce 
with ISO(l,3)/SO(l,4:)/SO(2,3) invariance, respectively. Thus, it is impossible to realize Yang's 
so(l, 5) algebra with fifteen generators on one space of 4-dimensions in the sense of Riemann geometry 
and Lie symmetry. The TSR realization of Yang's so(l, 5) algebra gives a tentative 4-d realization. 
But, it is in terms of a deformed algebra with non-commutative geometry. The fact that there are 
two so(l,4) subalgebras with a common homogeneous Lorentz algebra so(l,3) in Yang's so(l,5) 
suggests another kind of realization: A pair of dS-spaces of 4-dimensions with a dual relation. 

In this paper we show that if Yang's model can be completed with such a kind of 4-d realizations at 
both classical and quantum level, this complete Yang model should contain both Snyder's quantized 
space-time model, the dS special relativity and their duality. 

This paper is arranged as follows. In section II, we first recall and complete Yang's model with 
a UV-IR dual invariance in a 6-d dimensionless Mink-space at both classical and quantum level. 
Then, in section III, we show that the two so(l,4) subalgebras in the complete Yang model relevant 
to the space-time coordinate operators and the momentum operators p M are the same as Snyder's 
so(l,4) algebra of quantized space-time and the algebra for 'quantized' energy, momentum, and 
angular momentum in a dS-space of spacetime, respectively. We also present a way to get Snyder's 
model, the dS special relativity and their duality from the Yang model. Finally, we end with some 
concluding remarks. 

II. A COMPLETE YANG MODEL AND A UV-IR DUALITY 

Under Yang's so(l,5) algebra, there is an invariant quadratic form of signature —4 [2] in a 6-d 
dimensionless Mmfc-space ^ 1,s . Then, the metric in ^ 1 ' 5 reads 

dx 2 = ri AB d( A d( B , A 8 = 0,..., 5, (2.1) 

where n AB = diag(+, —). The dimensionless canonical 'momentum' conjugate to the 
dimensionless 'coordinate' ( A can be introduced as = tj ab ^-. Thus, there is a 12-d phase space 
(A4,fl) with a symplectic structure Q and the non-vanishing basic Poisson bracket in (( A ,NX)'- 
{( A , N B } = —Sjg. Obviously, the dimensionless 6-'angular momentum' J£ AB := Q A N B — Q B N A as the 
classical counterpart of Yang's operators (see below) form an so(l, 5) algebra under Poisson bracket: 

{J? AB , ^ cv } = n Av ^ BC + n BC ^ AV - n Ac ^ BV - n BV J? Ac . (2.2) 

Under canonical quantization, in the 'coordinate' picture with A4 = i-^, [C A , N&] = —i5 B , they 
become operators j^f- 46 forming the algebra under Lie bracket. Now, the following operators are just 
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the operators in Yang's model [2] up to some redefined coefficients 

_ m I . a 8 \_ h ~ m 

''"-ay- w c w)~r ' 

with ei23 = e x 23 = 1 and Q = VjA^ ■ They form Yang's so(l, 5) algebra as follows: 

HP, p v \ = ihRT 2 P\ [P u , p p ] = ih{ri up pv - ri^f), p p = rfp^ ^ = ^ v 

[x p , x v \ = itT l a 2 P\ [P u , x p ] = ifi(rf p x ti - ff), x p = 77"% 
[x p , p u ] = ihr] pu ^, x p ] = -ia 2 h~ l p p , 

$,p p '}=ihR- 2 x fl , [^,Z > ] = 0, 

together with an so (1, 3) for the 4-d angular momentum operators. 

It is clear that there are two so(l,4) for coordinate operators 2^ and momentum operators p v , 
respectively, with a common so(l,3) for l pv . It is also clear that in Yang's algebra with respect to 
the 6-d 'angular momentum' there is a Z 2 = {e, r\r 2 = e} dual transformation with 

r : a — ► x p — > p p , tj> -> -ip. (2.4) 
R 

Since a is near or equal to the Planck length £p and R is the radius of a dS universe, the invariance 
under the Z 2 dual transformation is a UV-IR duality. 

III. THE SNYDER'S MODEL (iS SPECIAL RELATIVITY DUALITY FROM THE 

YANG MODEL 

A. Snyder's model from the Yang model 



Snyder considered a homogeneous quadratic form — rf = T)q — T} 2 — rfc — t] 2 — r)\ := f] AB r\ A r] B < 0, 
partially inspired by Pauli. It is a model via homogeneous (projective) coordinates of a 4-d momentum 
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space of constant curvature, a ciS'-space of momentum. In fact, it can also be started from a dS- 
hyperboloid 7i a in a 5-d Mink-spa.ce of momentum with radius 1/a 

n a : V AB VaVb = ~^, dsl = r, AB dr] A d VB . (3.1) 



Snyder's inhomogeneous projective momentum is almost the same as the momentum in Beltrami 
coordinates. In order to preserve orientation, the antipodal identification should not be taken so that 
the Beltrami atlas should contain at least eight patches to cover the hyperboloid (see, e.g. [9]). In 
the patch C/4+,774 > 0, Snyder's Beltrami momentum read 

* = ^. (3-2) 
F a n A 

Now the metric in the patch becomes ds 2 a = g^dq p dq v with 

2 2 

9? = <r- 1 (Q)ir + ^<f<fv- 2 (q) 1 a(q) = 1 - °^q v q v > 0, (3.3) 

where g M = n^ u q v . Along geodesic that is the great 'circle' on 7i a , the spacetime 'coordinates' and 
angular momentum are conserved 

da 11 

x fl = R(j- 1 {q)^- = consts, (3.4) 
ds a 

da v da^ 
C = R{q"j- - q u j~) = consts. 

Importantly, from these conserved Killing observables and q = E as energy 1 , it follows an important 
identity 

—— = consts. (3.5) 

It would mean that there is some 'wave packet' moving with constant 'group velocity'. Namely, a 
law of inertia-like in space of momentum hidden in Snyder's model [19]. 

Regarding such a 'wave packet' as an object in the space of momentum, a 8-d phase space (M a , uj a ) 
for can be constructed and locally there are Snyder's momentum q^ as canonical momentum and the 
conjugate variables as canonical coordinates (q^X^ = Rg^ u dq v /ds a ) with a symplectic structure 
u a and basic Poisson brackets {q fl ,X u } a = —5^, {q , q u } a = 0, {X^,X u } a = 0. Then Snyder's 
space-time 'coordinates' x% and angular momentum 1% V can be expressed in terms of these canonical 
variables (q , X^). And it is straightforward to show that they form an so(l, 4) under Poisson bracket. 

In a momentum picture of the canonical quantization, the operators of Snyder's 'coordinates' and 
angular momentum are just ten Killing vectors of the model, up to some coefficients, 

(3.6) 
(3.7) 



x\ := ih 


' d 


a 2 t 8- 


~ *-a 


x° a := ih 


d 

dq 


a 2 n d 


Mo 



1 c is set 1 in the paper. 
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Together with 'boost' M ai = x l a q + x®qi ='■ = and '3-angular momentum' L ai = — ^eijk(x J a q > ' 
so (1,4) algebra: 



^a*? 7 ) =: \ e ijk^a = \ e ijk^ i they are the components of 5-d angular momentum C AB and form an 



[xl x{] = i/TVtf, [x° a , x\] = ih-^S, (3.8) 
[t ai ,L aj ] = ihe^Lak, [M ai ,M aj ] = iM%, e 12 3 = -1, etc. 

Obviously, Snyder's quantized space-time 'coordinates' so (1,4) algebra is the same as the coordi- 
nate so(l,4) subalgebra of Yang's so(l,5). But, the operators of canonical coordinates X M are still 
commutative. 

In order to get Snyder's model from the complete Yang model, we consider a dimensionless 

r)AB( A ( B = ~. (3.9) 
a z 

Take a subspace J?i of C ~^ 1,5 as an intersection 

J x = Jt?y =0 : n ^| C 4 =0 C ^f 1 ' 5 , (3.10) 

where <^|^4 =0 is a hyperplane defined by ( 4 = 0. Introduce dimensional coordinates 

then the subspace becomes 7i a (3.1) with metric (3.3) related to the metric (2.1) restricted on 
Si 

dsl = ^d X 2 U- (3.12) 

Thus, the A, B ^ 4 components of Yang's 6-d 'angular momentum' consist of a 5-d angular 

momentum which is identical to the 5-d angular momentum C AB in Snyder's model, and Yang's 
operators of coordinate and angular momentum l^"} and their algebra are the same as Snyder's 
operators {x%, for the Killing observables and their algebra. Therefore, the complete Yang 
model really contain Snyder's model as a sub-model. 



B. The Beltrami model of dS special relativity from the Yang model 

On a (iS'-spacetime with radius R as a hyperboloid embedded in a 1+4-d Mink-space 

H R : n AB i A i B = -R\ ds R = VAB d^ B , (3.13) 

a free particle with mass H/a may move uniformly along a great 'circle' defined by a conserved 5-d 
angular momentum 

^ = o, c A R B --=h Ad f-e d ^\ (3.i4) 

dsn a asR asR 
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with an Einstein-like formula for mass h/a 



I AB h 2 D 

£r £rab = £rab = VacVbd£r ■ (3.15) 



2R2 ~n ~— a2 

The conserved momentum and angular momentum of the particle can be defined as 

-0 ^ = -57^-^, (3-16) 



ds Ra \ ds R dsR 

<- , * = 5 fc£ -<"£']■ (3-17) 



ds a \ dsR dsR 

And the Einstein-like formula becomes 

l h 2 

PrPRh - 2]&IrIri*< = ^ ( 3 - 18 ) 

where p RfJi = r]^ u p u R and l RtiV = r) IMp r) u J p R . 

In a Beltrami atlas of the .BciS'-spacetime [9], the Beltrami coordinates read in the patch U4+, £ 4 > 

0, 

y" = R^, eVo (3.19) 



and the metric becomes ds 2 R = gR flu dy fl dy 1 ' with 

g R »v = (T- 1 (y)v„u + R-\yv(T- 2 (y), v(y) = 1 - Br 2 y v y v > 0, (3.20) 

where = rj^ u y u . For the free particle with mass h/a along geodesic that is the great 'circle' on Hr, 
its motion becomes uniform motion with constant coordinate velocity. In fact, its momentum and 
angular momentum 

h _ x dy>* h dy u v dy^ 

pr = - (j yy)-r~ > 1 r = -iv -3 — v -j— )> 3 - 21 

a ds R a ds R ds R 

are constants. This leads to the law of inertia for the particle: 

v i := %- = consts. (3.22) 
dt y 1 

For the particle, there is an associated phase space (Mr, uj r ) and locally there are Beltrami 
coordinates as the canonical coordinates and the covariant 4-momentum as canonical momentum 
(y^, = -g )j, u dy u / ds R ) with a symplectic structure and basic Poisson brackets in the patch 
P u }r = —S^, {y^, y u }R = 0, {P^, P v }r = 0. Now, the conserved Killing momentum and angular 
momentum of the particle can be expressed in terms of the canonical variables and form an so (1, 4) 
algebra under the Poisson bracket. 

In a canonical coordinate picture of the canonical quantization, the operators of these conserved 
Killing Beltrami momentum and angular momentum are just ten Killing vectors of the model up to 
some coefficients forming an so(l,4) under Lie bracket 

\P%V V r] = K,Pr] = « - V W Pr), (3-23) 
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together with an so(l,3) for angular momentum operators . This is the same as the momentum 
subalgebra of the Yang model. 

It is remarkable that the conserved Killing Beltrami momentum lead to the law of inertia in the 
patch and it holds globally in the atlas patch by patch. In fact, the dS special relativity can be set 
up based on the principle of inertia and the postulate of universal constants, the speed of light c and 
the (iS'-radius R [9]. 

In order to show that there is indeed the .BciS'-model of the dS special relativity from the complete 
Yang model, let us consider another subspace of ffl C (3.9) of the Yang model as an 

intersection 

J 2 = JT\ c s =0 : n ^| f 5 =0 C ^T 1 ' 5 , (3.24) 

where ^|^5 =0 is a hyperplane defined by ( 5 = 0. Introduce dimensional coordinates 

e = e = <\ (3.25) 

then J?2 becomes the ciS'-hyperploid Hr (3.13) and its metric (3.20) becomes the metric (2.1) re- 
stricted on J^ 2 

ds 2 R = a 2 dx 2 \j^ 2 - (3.26) 

It is also straightforward now to find that the A, B ^ 5 components of the 6-d 'angular momentum' 
operators «5f' 4B in the Yang model consist of a 5-d angular momentum, which is just the angular 
momentum operators C^ B in the dS special relativity. And Yang's momentum, angular momentum 
operators in (2.3) and their subalgebra are just the Killing Beltrami momentum, angular 

momentum operators p 1 ^, in the Beltrami model of the dS special relativity. Thus, the complete 
Yang model really contain the BdS-iao&el of dS special relativity as a sub-model. 



C. The Snyder's model —dS special relativity duality in the Yang model 

It is important to see [19] that between Snyder's model and the dS special relativity, there is also 
a Z2 = {e, s\s 2 = e} dual exchange with 

s: n£-p&. a-|. (3.27) 

This is also a UV-IR exchange. And it is isomorphic to the Z 2 duality in Yang's model (2.4). 

The Snyder's mode\-dS special relativity duality contains some other contents. One is that the 
cosmological constant A should be a fundamental constant in the Nature like c, G and h. This is 
already indicated in Yang's model as long as R = (3/A) 1 / 2 is taken. 

Thus, not only both Snyder's model and the ^5* special relativity are sub-models in the complete 
Yang model, but their Z2 duality transformations are contained in that of the Z2 duality in the Yang 
model as well. 
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IV. CONCLUDING REMARKS 

The above 'surgery' for two subspaces J?2 and J 2 ^ of a dimensionless C ^ 1>5 (3.9) in the 
Yang model shows that both Snyder's model and the SciS'-model of dS special relativity are really 
sub-physics of the complete Yang model. And the UV-IR duality in the Yang model is just the 
one-to-one exchange of the Snyder model-dS 1 special relativity duality. 

It is quite possible that there are some other physical implications and/or relations with other 
dualities, such as the T-duality and S-duality, if a and R may have other identifications. 

It should be mentioned that a Yang-like model with an so(2,4) symmetry on a dimensionless 
(2, 4)-d flat space ^# 2 ' 4 can be set up and all similar issues for Snyder's model and the dS special 
relativity or for an anti-Snyder's model on an AdS-spa.ce of momentum and the AdS special relativity 
can also be realized started with a dimensionless AdS§ = Jrf? or its boundary d(AdS^) = jV C .y# 2 ' 4 . 

Since Yang's algebra is just the Lie algebra form of the deformed algebra in TSR, which is a 
generalization of DSR, it should be explored from the point of view in our approach what are the 
relations with the other DSR models and the TSR. It seems that the duality exists between other 
DSR models and rfS'-spacetime since some DSR models can be realized as Snyder's model in different 
coordinates on the dS-space of momentum, the corresponding coordinates on the (iS'-spacetime may 
also be taken. But, this may cause some issues due to the non-inertial effects from the viewpoint of 
the dS special relativity. 

Finally, we would like to emphasize that the complete Yang model should be regarded as a theory 
of the special relativity based on the principle of inertia in the both spacetime and space of momentum 
as well as the postulate on three universal constants c,£p and R. 

All above issues and related topics should be further studied. 
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